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We discuss recent experiments which show that the intensity of the structure at eV=24/n
(2A=energy gap, n=2,3,4,...) in a superconducting tunnel junction is proportional to the

tunnel matrix element in the strong-coupling region.

It is shown that for the odd series at

eV=2A/(2n +1) this behavior can be understood in terms of the accepted theory. However,
the familiar explanation for the even series at eV=2A/2zn based on the sharp increase of the
surface resistance of the superconducting films at %Zw = 2A due to quasiparticle excitation is

not consistent with the above experimental findings.

A mechanism for the even series is pro-

posed which involves the breaking of a tunneling Josephson pair caused by the oscillating

electromagnetic field in the junction.

Recently, experiments have been reported which
clearly identify the Josephson effect as the cause
of the structure at eV=2A/n =2,3,4,...) that is
sometimes apparent in superconducting tunnel junc-
tions.! By using junctions with a light-sensitive
barrier it was possible to study the dependence of
the structure on the tunnel matrix element |M|2,

Typically, junctions which had no structure in
the original dark state showed a rapidly increasing
subharmonic structure as |M|? was increased.
Upon further increase of |M |? the intensity of the
structure became proportional to the rest of the
current, i.e., to IMI|%. In some cases this pro-
portionality could be verified over three decades
of variation in |M|? for the n=2, 3,4 members of
the subharmonic series. While it is obvious that
this proportionality positively excludes multiparticle
tunneling® as the cause of the structure, it is not
easy to predict such a dependence from the Joseph-
son equations of the junction.

The purpose of this communication is to discuss
whether this proportionality can be explained in
terms of present-day theories and models of the
subharmonic structure, or whether new models have
to be introduced. The discussion is based on the
work of Werthamer® who has given a formal treat-
ment of the mechanisms leading to subharmonic
structure.

Werthamer develops the general expression for
the total tunneling current of a junction in the pres-
ence of an arbitrary electromagnetic field. As can
be seen from Werthamer’s equation (11), ® the dc
component of the current shows structure at eV
=2A/(2n+1). Two processes are responsible for
the structure. The first corresponds to a quasi-
particle tunneling induced by the Josephson radia-
tion analogous to the Dayem-Martin* process. The
second is based on the singularity of the pair current
amplitude predicted by Riedel® which should occur
if the applied voltage plus a photon energy equals
the energy gap. Both processes predict a propor-
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tionality to I1M |2 of the intensity of the structure
only if the radiation amplitude in the junction is
independent of |M|% [Eq. (36) in Ref. 3]. For eVA®/
7 w> 1 (strong-coupling region) the intensity depends
rather weakly on the radiation amplitude, and a quali-
tative saturation-type behavior of the radiation in
the strong-coupling region is sufficient to be con-
sistent with the experiment.

The familiar explanation of the even series is
based on the sharp increase of the surface resis-
tance of a superconductor at 7 w=2A due to quasi-
particle excitation. The power absorbed by this
process is proportional to the radiation density or
the square of the current amplitude. To be con-
sistent with the experiment the ac Josephson field
would have to be proportional to (|M|2)!/2 in the
strong-coupling region which contradicts the sat-
uration-type behavior required to explain the odd
series.
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FIG. 1. Amplitude E (in arbitrary units) of the ac

Josephson field as a function of the coupling constant
I'=w%/w, for two values of the damping constant v. T
is proportional to [M|%, The calculation has been per-
formed for resonance condition w=w . and the fundamen-
tal frequency component of the field is plotted. Around
I'=1000 the computer solution of Eq. (1) became un-
stable.
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FIG. 2. Amplitudes |E,| of the Fourier components
with frequency 2neVy /% of the ac Josephson field in
arbitrary units for n=1, 2, 3,4 as a function of the cou-
pling constant I’ = {fiw ;/2eVy,)? according to Egs. (3)
and (4).

In order to decide between the two possibilities,
we have calculated the ac Josephson amplitude as
a function of |M|%. Werthamer has shown that
subject to certain conditions the Josephson equa-
tions of a tunnel junction become equivalent to

g d d
<Zit—2 Yot w?) Q)= 0’3;1? cos®(t),
a®e (¢t @
e =Q)+Qy,

where w, and y are an effective cavity-resonance
frequency and a damping constant, respectively.
The Josephson plasma frequency w; is defined in Ref.
3and measures the coupling, i.e., w?= IMI% and
Q4.=2eV/% corresponds to the applied voltage V.
Since we are interested in the strong-coupling re-
gion I'= «? /w,y> 1, we cannot use Werthamer’s
approximate analytical solution which is good in
the weak- and intermediate-coupling region. In
Fig. 1, a computer calculation of Eq. (1) is shown.
Plotted is the amplitude of the ac Josephson field
at fundamental frequency w=2eV/7% as a function of
I'=w?/wy o« |M|? for two different damping con-
stants and at w= w,.

For the case when stripline and cavity-resonance
effects are unimportant and the damping is weak
(w,=¥=0), Eq. (1) reduces to the simple pendulum
equation

¢+ w?sing=0. (2)

We obtain the following parameter representation
for the Fourier components E, at frequency 7
=2neVy, of the oscillating electromagnetic field:

E,= (- 1)"[2 cosh(mr%;Tm-) )]-1 ) (3)
r'- Bor_pe)H @
2eVy, Mgz

where K is the complete elliptic integral of the first
kind. Equations (3) and (4) can be expanded, and
we obtain

En: (—"lir")"<<1, (5)
(_l)fl -4T¢ ’
= =17 ) .
En 2 cosh(inal " 2)+O(e ), T'>1 ®)

For I''~wall |E,| -3 as can be seen from Eq.
(6). In Fig. 2 |E,| to |E,| are plotted as functions
of the coupling constant I'’,

As can be seen from Figs. 1 and 2, the ampli-
tudes show a saturation-type behavior and thus
make Werthamer’s model for the odd series con-
sistent with the experiment. However, it clearly
rules out an absorption-coefficient-type mecha-
nism, such as the frequency-dependent surface
resistance, as the cause for the even series.

We are therefore left with the problem of finding
a mechanism for the even series which gives the
correct | M|% dependence. A possible generaliza-
tion of Werthamer’s equations would be to con-
sider not only the action of the ac fields on the
phase, but also to include pair-breaking effects.

For instance, it is energetically possible for a
tunneling Josephson pair at eV=24/2 to break up
giving a structure in the dc current at that volt-
age. Equation (9.13c) in Ref. 6 shows, however,
that the current has only a dc component if the
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FIG. 3. Examples of diagrams that contribute to the
midgap structure, (a), the higher terms in the even se-
ries (b), and the odd series (c). The squares stand for
the interaction with the oscillating electric field generated
by the Josephson current.
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pair-breaking interaction has the correct time de-
pendence w=2eV/%. The ac Josephson field of
the junction has this time dependence.

Figure 3(a) shows a diagrammatic expansion of
the tunneling current using the standard notation
of Ref. 6. The proposed mechanism consists of
the breaking of a pair under the influence of an
oscillating field and leads to structure at eV =24/
2 (A=4,, A,, respectively).

The higher-order members of the even series
at 28/2n (i.e., A;/n and A,/n with n=2,3,---)
require the absorption of a Josephson photon.
Figure 3(b) shows the corresponding diagram
which includes the interaction with the oscillating
field only to lowest order. Both Figs. 3(a) and
3(b) give structure proportional to |M|? if the ac
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Josephson amplitudes saturate.

While the diagrams 3(a) and 3(b) for the even
series give structure in the pair current [(9. 13¢c)
in Ref. 6], Fig. 3(c), which is given for complete-
ness only, produces structure in the single-par-
ticle current [ (9.13b) in Ref. 6] at eV=2A/(2n+1),
as discussed by Werthamer.

Figures 3(b) and 3(c) are similar and involve
two interactions with the oscillating field, while
3(a) involves only one interaction. This is con-
sistent with the experimental observation that the
mid-gap structure shows up before the rest of the
structure and that the higher-order even series
and the odd series are of comparable intensity.

The authors wish to thank Dr. B. Blirgel who
contributed the analytical solution of Eq. (2).
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ERRATUM

Spin Correlation and Entropy, H. Falk and Masuo Suzuki [Phys. Rev. B 1, 3051 (1970)]. Several typograph-
ical errors (which do not propagate to the results) should be noted: In each of Eqs. (1.5)—(1.7) the extra In
terms should be deleted. In Eq. (3.11) the sine and cosine definitions should be interchanged. The left-

hand side of Eq. (3. 24) should read 2V Z.



